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OPERATOR MONOTONE FUNCTIONS AND CONVEXITY
OF ITS DERIVATIVES NORMS
Z. RAHIMI CHEGENI1, A. G. GHAZANFARI2,∗ AND K. FALLAHI3
Abstract. Let f be an operator monotone function on (0,∞) and A be
a strictly positive operator on a Hilbert space H . We show that if |||.||| is
a unitarily invariant norm, then |||Dnf(A)||| ≤ ‖f (n)(A)‖ for all positive
integers n. We prove that ‖f (n)(·)‖ is a quasi-convex function on the set of
all strictly positive operators in B(H). We also show that
|||f(B)− f(A)||| ≤ max{‖f ′(A)‖, ‖f ′(B)‖} |||B −A||| ,
which is a refinement of the following known result
|||f(B)− f(A)||| ≤ f ′(a) |||B −A||| ,
where a is a positive real number and A,B ≥ a1H .
We establish some estimates of the right hand side of some Hermite-
Hadamard type inequalities in which differentiable functions are involved,
and norms of the maps induced by them on the set of self adjoint operators
are convex, quasi-convex or s-convex.
1. Introduction and Preliminary
The following inequality holds for any convex function f defined on R and
a, b ∈ R, with a < b
f
(
a+ b
2
)
≤ 1
b− a
∫ b
a
f(x)dx ≤ f(a) + f(b)
2
. (1.1)
Inequality (1.1) holds in the reversed direction if f is concave. The inequality
(1.1) is known in the literature as the Hermite-Hadamard’s inequality. We note
that the Hermite-Hadamard’s inequality may be regarded as a refinement of
the concept of convexity and it follows easily from Jensen’s inequality. In recent
years several extensions and generalizations have been considered for classical
convexity. We would like to refer the reader to [1, 6, 10] and references therein
for more information.
We recall that the definitions of quasi-convex and s-convex functions gener-
alize the definition of convex function. More exactly, a function f : [a, b] → R
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is said to be quasi-convex on [a, b] if for all x, y ∈ [a, b] and 0 ≤ λ ≤ 1,
f((1− λ)x+ λy) ≤ max{f(x), f(y)},
and for a s fixed in (0, 1], a function f : (0,∞) → R is said to be s-convex in
the second sense [9] if for all x, y ∈ (0,∞) and 0 ≤ λ ≤ 1,
f((1− λ)x+ λy) ≤ (1− λ)sf(x) + λsf(y).
Before we present our results, we review the operator order in B(H), and
the definitions of operator convex and operator monotone functions.
For self adjoint operators A,B ∈ B(H) we write A ≤ B(or B ≥ A) if
〈Ah, h〉 ≤ 〈Bh, h〉, for every vector h ∈ H . We call it the operator order.
Suppose that I be an interval in R and let
σ(I) = {A ∈ B(H) : A is self adjoint and Sp(A) ⊆ I}.
A real valued continuous function f on an interval I is said to be operator
convex (operator concave) if
f ((1− λ)A+ λB) ≤ (≥)(1− λ)f(A) + λf(B)
in the operator order in B(H), for all λ ∈ [0, 1] and for every bounded self
adjoint operators A and B in σ(I).
A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e.,
A ≤ B implies f(A) ≤ f(B)
for every bounded self adjoint operators A and B in σ(I).
For some fundamental results on operator convex (operator concave) and op-
erator monotone functions, see [2, 7] and the references therein.
Let f be a real function on (0,∞), and let f (n) be its nth derivative. Let
f also denote the map induced by f on positive operators. Let Dnf(A) be
the nth order Fre´chet derivative of this map at the point A. For each A,
the derivative Dnf(A) is a n-linear operator on the space of all Hermitian
operators. The norm of this operator is defined as
‖Dnf(A)‖ = sup {‖Dnf(A) (B1, ..., Bn)‖ : ‖B1‖ = ... = ‖Bn‖ = 1} .
A norm |||·||| on B(H) is called unitarily invariant norm if |||UAV ||| = |||A|||
for all A ∈ B(H) and all unitary operators U, V ∈ B(H). If |||.||| is any
unitarily invariant norm on Hermitian operators, then the corresponding norm
of the n-linear Dnf(A) is defined as
|||Dnf(A)||| = sup {|||Dnf(A) (B1, ..., Bn) ||| : |||B1||| = ... = |||Bn||| = 1} .
Since f (n)(A) = Dnf(A)(1H, 1H , ..., 1H), we have
‖f (n)(A)‖ = ‖Dnf(A)(1H , 1H, ..., 1H)‖ ≤ ‖Dnf(A)‖.
Now, let D(n) = {f : ‖Dnf(A)‖ = ‖f (n)(A)‖ for all positive operator A}.
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In [4] it was shown that every operator monotone function is in D(n) for all
n = 1, 2, .... It was also shown in [3] that the functions f(t) = tn, n = 2, 3, ...,
and f(t) = exp(t) are also in D(1). None of these are operator monotone. In
[5] it was shown that the power function f(t) = tp is in D(1) if p is in (−∞, 1]
or in [2,∞), but not if p is in (1, √2).
In this paper, we consider differentiable mappings which norm of the in-
duced maps by them on the set of self adjoint operators is convex, quasi-
convex or s-convex. We show that if f is an operator monotone function on
(0,∞), A is a strictly positive operator and |||.||| a unitarily invariant norm,
then |||Dnf(A)||| ≤ ‖f (n)(A)‖ for all positive integers n. We also prove that
‖f (n)(·)‖ is a quasi-convex function. Examples and applications for particular
cases of interest are also illustrated. Finally, an error estimate for the Simpson
formula is addressed.
2. Main results
2.1. Quasi-convexity and operator monotone functions. In some prob-
lem of approximation theory and perturbation theory, when we deal with
norms of functions, it usually is not needed that the functions have a spe-
cial property such as convexity, monotony, quasi-convexity and s-convexity;
just having the property for norms of functions would be sufficient. Let f be a
real function on an interval I in R, throughout this paper the function ‖f(·)‖
is the norm of the induced map by f on the set of self adjoint operators as
follows:
‖f(·)‖ : σ(I)→ [0,∞);A 7→ ‖f(A)‖
Example 1. (i) Let f be a positive real function on I ⊆ R. If f is operator
convex, then ‖f(·)‖ is covex on σ(I). Because 0 ≤ f(1− t)A + tB) ≤
(1− t)f(A) + tf(B) implies that ‖f(1− t)A+ tB)‖ ≤ (1− t)‖f(A)‖+
t‖f(B)‖. Therefore if r is a real number in [−1, 0]∪[1, 2] and f(x) = xr
is a real function on (0,∞). Then ‖f(·)‖ is convex on σ(I), for every
interval I ⊆ (0,∞). If r is a real number with r ≥ 2, then real function
f(x) = xr is convex on (0,∞) and
‖((1− t)A+ tB)r‖ = ‖(1− t)A+ tB‖r
≤ ((1− t)‖A‖+ t‖B‖)r ≤ (1− t)‖A‖r + t‖B‖r.
Thus, if r is a real number in [−1, 0]∪ [1,∞), then ‖f(·)‖ is convex on
σ(I), for every interval I ⊆ (0,∞).
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(ii) Let f be a positive real function on I ⊆ (0,∞). If f is operator mono-
tone, then ‖f(·)‖ is quasi-convex on σ(I). Because
‖f((1− t)A + tB)‖ = f(‖(1− t)A+ tB‖) ≤ f ((1− t)‖A‖+ t‖B‖)
≤ f (max{‖A‖, ‖B‖}) = max{f(‖A‖), f(‖B‖)}
= max{‖f(A)‖, ‖f(B)‖}.
Suppose that 0 ≤ r ≤ 1 and f(x) = xr, (0 < x < ∞). The following
inequality also implies that ‖f(·)‖ is quasi-convex on σ(I), for every
interval I ⊆ (0,∞).∥∥((1− t)A+ tB)r∥∥ = ‖(1− t)A + tB‖r ≤ (max{‖A‖, ‖B‖})r
= max{‖A‖r, ‖B‖r}.
(iii) For the real function f(x) = −x2 + 1 on R, the function ‖f(·)‖ is not
quasi-convex, therefore is not convex. Because
1 = ‖f(0)‖ =
∥∥∥∥f
(−1H + 1H
2
)∥∥∥∥ 
 max{‖f(−1H)‖, ‖f(1H)‖} = 0.
Theorem 1. Let f be an operator monotone function on (0,∞) and n a
positive integer. Then, ‖f (n)(·)‖ is quasi-convex, i.e.,
‖f (n)((1− ν)A+ νB)‖ ≤ max{‖f (n)(A)‖, ‖f (n)(B)‖}, (2.1)
for all positive invertible operators A,B and 0 ≤ ν ≤ 1.
Proof. It is known that every operator monotone function f on (0,∞) has a
special integral representation as follows:
f(t) = α + βt+
∫
∞
0
(
λ
λ2 + 1
− 1
λ+ t
)
dµ(λ), (2.2)
where α, β are real numbers, β ≥ 0, and µ is a positive measure on (0,∞) [2,
(V.49)], such that ∫
∞
0
1
λ2 + 1
dµ(λ) <∞.
The integral representation (2.2) implies that every operator monotone func-
tion on (0,∞) is infinitely differentiable. Therefore
f(A) = α1H + βA+
∫
∞
0
[
λ
λ2 + 1
1H − (λ+ A)−1
]
dµ(λ). (2.3)
From the integral representation we also have
f ′(t) = β +
∫
∞
0
1
(λ+ t)2
dµ(λ). (2.4)
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Hence
‖f ′(A)‖ =
∥∥∥∥β1H +
∫
∞
0
(λ+ A)−2 dµ(λ)
∥∥∥∥ .
Let a0 = inf{〈Ax, x〉 : ‖x‖ = 1} and b0 = inf{〈Bx, x〉 : ‖x‖ = 1}. Then
since β ≥ 0, we have
‖f ′(A)‖ = β +
∫
∞
0
(λ+ a0)
−2
dµ (λ) = β +
∫
∞
0
∥∥(λ+ A)−1∥∥2 dµ (λ) ,
and similarly,
‖f ′(B)‖ = β +
∫
∞
0
(λ+ b0)
−2
dµ (λ) = β +
∫
∞
0
∥∥(λ+B)−1∥∥2 dµ (λ) .
Suppose that a0 ≤ b0, then a0 ≤ (1−ν)a0+νb0 ≤ inf{〈[(1−ν)A+νB]x, x〉 :
‖x‖ = 1}. This implies that ‖f ′(A)‖ ≥ ‖f ′((1 − ν)A + νB)‖, and proves the
desired inequality (2.1), for n = 1.
Analogously for n ≥ 2, we have∥∥f (n)(A)∥∥ = ∥∥∥∥(−1)n+1n!
∫
∞
0
(λ+ A)−n−1 dµ(λ)
∥∥∥∥
= n!
∫
∞
0
∥∥(λ+ A)−1∥∥n+1 dµ(λ)
The same argument will show that in this case again the inequality (2.1)
holds. 
Theorem 2. Let f be an operator monotone function on (0,∞) and |||.||| be a
unitarily invariant norm. If A is a strictly positive operator, then |||Dnf(A)||| ≤
‖f (n)(A)‖ for all positive integers n. Therefore f ∈ D(n).
Proof. From (2.3) we have
Df(A)(B) = βB +
∫
∞
0
(λ+ A)−1B(λ+ A)−1dµ(λ).
Since |||(λ+A)−1B(λ+A)−1||| ≤ ‖(λ+A)−1‖ |||B||| ‖(λ+A)−1‖, [2, (IV.40)].
Hence,
|||Df(A)(B)||| ≤ β +
∫
∞
0
‖(λ+ A)−1‖2dµ(λ) = ‖f ′(A)‖.
For n ≥ 2, we have
Dnf(A)(B1, B2, ...Bn) = (−1)n+1
∫
∞
0
[∑
σ
(λ+ A)−1Bσ(1)(λ+ A)
−1
. . . (λ+ A)−1Bσ(n)(λ+ A)
−1
]
dµ(λ).
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Using (IV.40) in [2], we obtain
|||Dnf(A)||| ≤ n!
∫
∞
0
‖(λ+ A)−1‖n+1dµ(λ) = ∥∥f (n)(A)∥∥ .

2.2. Hermite-Hadamard type inequalities. We continue this section with
the following technical lemma.
Lemma 1. [8, Lemma 1] Let I ⊆ R be an open interval and f : I → R be a
twice differentiable function on I whose second derivative f ′′ is continuous on
I and ν ∈ [0, 1]. If A and B are self adjoint operators in σ (I), then
∫ 1
0
(t− ν)Df ((1− t)A+ tB) (B − A)dt
= νf(A) + (1− ν)f(B)−
∫ 1
0
f ((1− t)A + tB) dt. (2.5)
Proposition 1. Let f be a real function on an open interval I ⊆ (0,∞). If
f ∈ C2(I) ∩ D(1) and ‖f ′(·)‖ is convex on σ (I), then∥∥∥∥νf(A) + (1− ν)f(B)−
∫ 1
0
f ((1− t)A + tB) dt
∥∥∥∥
≤ 1
6
[
2(1− ν)3 − 3(1− ν) + 2] ‖f ′(A)‖‖B −A‖
+
1
6
(
2ν3 − 3ν + 2) ‖f ′(B)‖‖B − A‖, (2.6)
for every A,B ∈ σ (I).
Proof. Using Lemma 1, we have∥∥∥∥νf(A) + (1− ν)f(B)−
∫ 1
0
f ((1− t)A+ tB) dt
∥∥∥∥
=
∥∥∥∥
∫ 1
0
(t− ν)Df ((1− t)A+ tB) (B −A)dt
∥∥∥∥
≤ ‖B −A‖
∫ 1
0
|t− ν| ‖Df ((1− t)A+ tB)‖ dt
= ‖B − A‖
∫ 1
0
|t− ν| ‖f ′ ((1− t)A+ tB)‖ dt
≤ ‖B −A‖
∫ 1
0
(
|t− ν|(1− t)‖f ′(A)‖+ t‖f ′(B)‖
)
dt,
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since ‖f ′(·)‖ is convex. Now, by the following equality we get the desired
inequality (2.6). ∫ 1
0
|t− ν|tdt = 1
6
(
2ν3 − 3ν + 2) .

By the same argument used in the proof of Proposition 1, we give new
inequalities as to the Hermite-Hadamard inequality in the following remark.
Remark 1. Let f be a real function on an open interval I ⊆ (0,∞),
f ∈ C2(I) ∩ D(1), and let
X = νf(A) + (1− ν)f(B)−
∫ 1
0
f ((1− t)A + tB) dt.
(i) If ‖f ′(·)‖ is quasi-convex on σ(I), then for every A,B ∈ σ (I)
‖X‖ ≤
(
ν2 − ν + 1
2
)
‖B − A‖max {‖f ′(A)‖, ‖f ′(B)‖} . (2.7)
(ii) If ‖f ′(·)‖ is s-convex on σ(I), then for every A,B ∈ σ (I)
‖X‖ ≤
(
1
s+ 2
− 1− ν
s+ 1
+
2(1− ν)s+2
(s+ 1)(s+ 2)
)
‖f ′(A)‖‖B −A‖
+
(
1
s+ 2
− ν
s+ 1
+
2νs+2
(s+ 1)(s+ 2)
)
‖f ′(B)‖‖B −A‖. (2.8)
(iii) Let f be an operator monotone function on (0,∞). Then, for every
unitarily invariant norm |||.||| and every A,B ∈ σ (I)
|||X||| ≤
(
ν2 − ν + 1
2
)
|||B − A|||max {‖f ′(A)‖, ‖f ′(B)‖} . (2.9)
3. Applications
As an important application of the results in this paper, we find bounds for
‖f(B) − f(A)‖ in terms of ‖B − A‖, which is one of the central problems in
perturbation theory.
The following companions of the inequalities (X, 43) − (X, 46) in [2] for
operator monotone functions holds.
Corollary 1. (i) Let f be a real function on an open interval I ⊆ (0,∞)
and f ∈ C2(I) ∩ D(1), then for every A,B ∈ σ (I)
‖f(B)− f(A)‖ ≤


1
2
(‖f ′(A)‖+ ‖f ′(B)‖) ‖B − A‖, ‖f ′(·)‖ is convex
max{‖f ′(A)‖, ‖f ′(B)‖}‖B −A‖, ‖f ′(·)‖ is quasi-convex
1
s+1
(‖f ′(A)‖+ ‖f ′(B)‖) ‖B − A‖, ‖f ′(·)‖ is s-convex
(3.1)
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(ii) Let f be an operator monotone function on (0,∞). Then, for every
unitarily invariant norm |||.||| and every A,B ∈ σ (I)
|||f(B)− f(A)||| ≤ max{‖f ′(A)‖, ‖f ′(B)‖} |||B −A||| . (3.2)
Proof. (i) Let f be convex function; using (2.6) for ν = 1 and ν = 0, we get
the following inequalities,
∥∥∥∥f(A)−
∫ 1
0
f ((1− t)A+ tB) dt
∥∥∥∥ ≤
(
1
3
‖f ′(A)‖+ 1
6
‖f ′(B)‖
)
‖B − A‖,
and∥∥∥∥f(B)−
∫ 1
0
f ((1− t)A+ tB) dt
∥∥∥∥ ≤
(
1
6
‖f ′(A)‖+ 1
3
‖f ′(B)‖
)
‖B − A‖.
If f is quasi convex or s-convex, then from inequalities in (2.7) or (2.8) for
ν = 1 and ν = 0, we obtain the desired inequality (3.1).
(ii) Utilizing (2.9) for ν = 1 and ν = 0, we obtain the following inequalities,
which are interesting in their own right.
∣∣∣∣
∣∣∣∣
∣∣∣∣f(A)−
∫ 1
0
f ((1− t)A+ tB) dt
∣∣∣∣
∣∣∣∣
∣∣∣∣ ≤ 12 |||B −A|||max {‖f ′(A)‖, ‖f ′(B)‖} ,
and∣∣∣∣
∣∣∣∣
∣∣∣∣f(B)−
∫ 1
0
f ((1− t)A+ tB) dt
∣∣∣∣
∣∣∣∣
∣∣∣∣ ≤ 12 |||B −A|||max {‖f ′(A)‖, ‖f ′(B)‖} .
Hence we obtain the desired inequality (3.2) and the proof is completed. 
From the Corollary 1, we may state the following example:
Example 2. (i) For the function f(t) = tr+1, 0 < r < 1,
‖Br+1 − Ar+1‖ ≤ ‖Br −Ar‖.
(ii) For the function f(t) = tr, 0 < r < 1,
|||Br −Ar||| ≤ r (max{‖A−1‖, ‖B−1‖})1−r |||B −A|||.
(iii) For the function f(t) = log t on (0,∞),
|||log(B)− log(A)||| ≤ (max{‖A−1‖, ‖B−1‖}) |||B − A|||.
Remark 2. Let f be an operator monotone function on (0,∞) and let A,B
be two positive operators such that A ≥ a1H and B ≥ a1H for the positive
number a. By [2, Theorem X.3.8], for every unitarily invariant norm the
following inequality holds
|||f(B)− f(A)||| ≤ f ′(a) |||B − A||| . (3.3)
From inequality (2.4), we have
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f ′(A) = β1H +
∫
∞
0
(λ+ A)−2 dµ(λ)
≤ β1H +
[∫
∞
0
(λ+ a)−2 dµ(λ)
]
I = f ′(a)1H .
This implies that max{‖f ′(A)‖, ‖f ′(B)‖} ≤ f ′(a); therefore inequality (3.2)
is a refinement of (3.3). This refinement can be sharp because for the function
f(t) = tr, 0 < r < 1 and A = B = b1H with b > a, we have
max{‖f ′(A)‖, ‖f ′(B)‖} = rmax{‖Ar−1‖, ‖Br−1‖} = rbr−1 < rar−1 = f ′(a).
In the following Theorem, we give Simpson formula for operator monotone
functions:
Theorem 3. Let f be an operator monotone function on (0,∞). Then, for
every unitarily invariant norm |||.|||,∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣f(A) + 4f
(
A+B
2
)
+ f(B)
6
−
∫ 1
0
f ((1− t)A+ tB) dt
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
≤ 5
36
|||B −A|||
[
max
{
‖f ′(A)‖,
∥∥∥∥f ′
(
A+B
2
)∥∥∥∥
}
+max
{∥∥∥∥f ′
(
A+B
2
)∥∥∥∥ , ‖f ′(B)‖
}]
.
for every A,B ∈ σ (I).
Proof. Since∫ 1
0
f((1− t)A+ tB)dt = 1
2
∫ 1
0
f
(
(1− t)A+ tA +B
2
)
dt
+
1
2
∫ 1
0
f
(
(1− t)A+B
2
+ tB
)
dt,
we have ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣f(A) + 4f
(
A+B
2
)
+ f(B)
6
−
∫ 1
0
f ((1− t)A + tB) dt
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
≤ 1
2
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣f(A) + 2f
(
A+B
2
)
3
−
∫ 1
0
f
(
(1− t)A + tA+B
2
)
dt
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
+
1
2
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣2f
(
A+B
2
)
+ f(B)
3
−
∫ 1
0
f
(
(1− t)A +B
2
+ tB
)
dt
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ .
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Using inequality (3.2) for ν = 1
3
and for ν = 2
3
, we get∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣f(A) + 4f
(
A+B
2
)
+ f(B)
6
−
∫ 1
0
f ((1− t)A+ tB) dt
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
≤ 5
36
|||B −A|||
[
max
{
‖f ′(A)‖,
∥∥∥∥f ′
(
A+B
2
)∥∥∥∥
}
+max
{∥∥∥∥f ′
(
A+B
2
)∥∥∥∥ , ‖f ′(B)‖
}]
.
Hence the proof is completed. 
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